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Summary. The purpose of this paper is to develop a machinery to analyze existence
and stability of limit cycle of a prototype of piecewise linear systems, possibly with
delays in switching rules. The study of this type of problems is motivated by modelling
cell cycle regulation. The results are applied to a cell cycle model of fission yeast. It is
shown that the cell cycle model has a limit cycle and it is stable and criterion of the
stability regions are also given.

3.1 Introduction

Consider the following piecewise linear system of prototype

(t) = Aqz(t) + B, for t > to,

3.1
z(s) = ¢(s), fortg—7<s<ty (3:-1)

with a switching rule
alz) € {1,2,...} (3.2)

where z € R™ is the state, ¢(s) is given in R"™, A, is an invertible n x n matrix
and B is an n x 1 matrix.

In order to distinguish the time at which we inspect the state from the variable
passing through the interval [ty — T, tg] we shall, as usual in the theory of delay
equations (see Hale [T3]), write throughout the paper x:(s) := z(t + s) for t > ¢
and tg — 7 < s < tg. With this notation, x; is the state at time ¢. Clearly the
solution to ([BI) is

0 eAalt=t0)(p(t) + A7'B) — AJ'B,  forty—7 <t <t (3.3)

x(t) = .
eAalt=to) (o(ty) + A B) — AZ'B, fort >t

for a fixed «.
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The motivation of studying this class of piecewise linear systems is highly
inspired by a desire for understanding the complexity of cell cycle regulation
and for making mathematical analysis accessible to these complex systems, as
comprehensive as possible. For a detailed study on how a highly nonlinear com-
plex cell cycle model [I] can be reduced to the piecewise linear system described
above we refer to [2, B]. For references on stability analysis of piecewise linear
systems without unstructural delay we refer the reader to e.g. [4 [].

In this paper we shall give a general analysis of the systems defined by BI)-
B2), and prove that there is a limit cycle in the cell cycle system discussed in
[3] and that it is locally stable. The stability regions of the limit cycle will also
be discussed.

Without loosing insight in detailed analysis, we assume that a(z) € {4, j} and
1,7 correspond to the following rule

i_{1ﬁ0m<&

2 ifCay >0,
(3.4)
.1 ifCz <6,
)2 ifCx >0,

with C' being a 1 x n matrix. Denote the hyperplanes Cx — 6; = 0 and Cx —
2 = 0 by ST and SP. Note that the index j in ([B4) indicates a delay of 7 for
(x, o) passing through the hyperplane S”. Thus we sometimes say the immediate
respectively delayed switching plane. For simplicity let S’ lie to the left of S
and we only consider, throughout the paper, systems where, if 2(t”) € S? then
x(t) ¢ SP U ST for t €]t " + 7]. See motivation in Section 3.5l

The paper is organized as follows. In Section B2l we study the existence of
limit cycles. Then we turn to analysis on stability, especially Section deals
with local stability and Section B4l stability regions. In Section B35l we apply the
results in Section [3:3] and Section [34] to a reduced cell cycle model proposed in
[3]. Finally the paper is concluded by some further comments in Section [3.6l

3.2 Existence of Limit Cycle

Assume that a limit cycle generated by ([B3)-(34) passes the switching planes
in a clockwise consecutive order according to Figure Bl and that the delayed
switch of this limit cycle after passing S” from left to right takes place on the
right side of SP, while the delayed switch after passing S from right to left
takes place on the left side of S’. Then a limit cycle solution can be constructed
by integrate the subsystems according to the switching rules, (33)) and 34,
respectively.

Let x1, %2, 23,24 be the intersection points between the trajectory generated
by B3)-@4) and the hyperplanes S’ and S as indicated in Figure B.11

Let the time taken from Z; to ;41 be t; ;41 where i+4 =14,i=1,2,3,4. Then
tsq4 < 7 < min(tas,t34 + t41) according to the assumptions on delay described
earlier.
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Fig. 3.1. Switching planes and trajectory of limit cycle.

Note that the matrices A1, A1, Aoy and Ass are assumed to be invertible.
Thus the solution (B3], together with the switch rules (4], can be written
explicitly as follows:

To = e*112(3) + A B) — A3'B,
Ty = ef22(l2a=7) (A7 (3, 4 AZIB) — AS'B) + Ay B) — Ay, B,
Ty = *?4(33 + A, B) — A5, B,
7= 6A11(t417(7'*t34))((6A12(77t34)(%4 + A1_21B) . A1_21B) + Al—llB) _ Al_llB'
Now, by this construction we can in principle formulate the conditions for
the existence of limit cycle. Obviously, it takes ¢} time for actual switch of the
system, where t’{ =t +T1, t; =134+ 1l23 — T, t; =7 —134 and tji =141 +1l3q —T.
By successive elimination of Zs, T3 in the expression of Z; we have
T1 = (I — EyE3EyEy) " [E4E3Eo(Ey — I)zy + E4E3(Ey — I)2o
+E4(E3 — I)Zg + (E4 — 1)24} (3.5)
where Ei = eAitf and Z; = AZ_lB with Al = 14217 A2 = AQQ, A3 = A12, A4 = A11.
In the same way we obtain
Ty = (I — EsEsE\Ey) " [E\EyE3(Ey — I)24 + E\Eo(BE3 — 1)z
—|—E1(E2 — I)ZQ + (El — I)Zl] s (36)

Ty = (I — E12E4E3FBoE, ) (B2 EyEsEy(Ey — I) + iz — Iz
+E2EyE3(Ey — I)zo 4+ E19Ey(Es — I)zs + Evo(Es — I)z4], (3.7)
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T3 = (I — Eo3 B\ EyF3E3,) " [(Ba3 By E4E3(E3s — I) + Eaz — I )29
+Es3E\Ey(E3s — I)z3 + EosEy(Ey — )24 + Eo3(Ey — I)z1],  (3.8)

where E, = eM7, Eyy = eMh12 By = eA21(t28=7) and Egy = eA21%23. Obviously,
E23E34 = E2 and E.,—E12 = El. Since EQ and 53 lie on SD and %1 and 54 lie
on ST, respectively, they satisfy CZ; — 61 = 0, C&y — 0 = 0, CZz — 5 = 0,
CZ4—01 = 0. Thus we have the following result on the existence of a limit cycle.

Proposition 3.2.1. Assume that there exists a periodic solution with four
switches per cycle and period t* = t7 +t5 + t5 +t; > 0. Assume further that
jj"s are deﬁned by (m)'(m) and gl( Tatsvt:”kﬂtzi) =C11 — 917 gQ(tit;vt;atZ) =
Oig - 92, gg(t’f, ;,t;,tji) = Oig — 92, g4(t>f, ;,t;,tji) = Oi4 — 91. Then the
following conditions hold

gl(t;t2vt37t4) =0
g2(t1, 13,85, ty) =
g3(17, 15,13, t3) =
ga(ty,t3,t3,t3) =0

and the period solution is governed by system with Asy on [0,t7), Asa on [t5, 15+
t5), Aig on [t +t5,t5 +t5+t5), and Ayy on [t5 +t5+t5,t*). Furthermore, the
periodic solution is obtained with initial condition x; for 1 =1,2,3,4.

Note that if the initial condition does not belong to any switching surface the
existence of a limit cycle still holds, for the trajectory will cross one switching
surface after a finite time.

3.3 Local Stability of Limit Cycles

The idea is to analyze the effect of a small perturbation of the initial condition
71 on ST that generates a limit cycle (or other points as defined in the previous
section) to the first return map. Let the return map be T from some point in
a small neighbourhood of Z; € S, to the point where the trajectory returns to
ST, 1t is well-known that the limit cycle is locally stable if all eigenvalues of the
Jacobian of T" are inside the unit circle.

To this end we have to find the Jacobian of the return map. Starting at
z(ty) = 71 € ST, z(t) = e (=t (x(ty) + Ay B) — AzllB if £ <ty + 7, thus
Ty = e2h2(3) + A5  B)— A5 B. Now let z(tg) = 7, +621 where 071 is arbitrary
and the norm of which is small, but x(¢¢) is on the switching plane, i.e. it is such
that C(z1 + 5?5) — 601 = 0. The solution with this initial condition is

2(t) = e (F) + 621 + A5 B) — A5]'B.

Assuming the solution reaches the switching plane S at time t15 + 61t12 we
have
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x(tlz + 51t12) = 6A21(t12+61t12)(51 + 6’3}: + Ag_llB) - A2_1187

Taylor expanding the term e?21%1%12 | together with the fact that e?21%12 (A7) +
B) = Azx(t12) + B, gives

w(tiy + O1t1s) = o + eA2111250; + 42112 (A0, 71 + A3 B)S1t1s + O(52)
=T + 12621 + (A1 32 + B)dit1s + O(62)

Since the trajectory passes S at tio 4 61t12, Cx(t1a + d1t12) = 2. Then ne-
glecting the higher order terms and using 62 = Cz(t12) we have

Cel21M12 51 + Cuydits = 0.

where v1 = Ay 79 + B. If Cv; # 0 (that is, the solution is transversal to SP),

then
CleAaitiz

O1t1a = — 0xy.
1t12 Cuy 1

Now we have .
x(tiz + 01t12) = To + Wida

ie. dxg = Widx, where Wy = (I — Z&E) eAzitiz

Next, let z(tg) = T2 + (/5}/2, Tg € 8P, 3}/2 is arbitrary and the norm of which
is small but x(¢y) € SP. Compute now solution with this initial condition and
assume it reaches the switching plane S’ at time to3+dato3. By a straightforward
calculation as before:

@(tos + Oatog) = g + eAn(taa—to)pAntr 5y
+ Agpedz2(ts=T) (eAntr (5, 1 ATIB) — A7 B) + Ay} B)batos 4 0(62)
=#3(Anodz + M)datoz + €A22(t23_tr)€A2ltr5}g + 0(55)
if t34+¢e1 < 7 < min(tas, t34 +t41) — 2 for some €1, > 0. Neglecting the higher
order terms and use the same argument as that in computing W; yields

C’eAzz (taz—t-) eA2its

Sotos = — 57y,
2023 C(Apis +B) 2

Hence

(A2223 + B)C) e Az (tes—7) Am 75

t dot — Qa1 —
x(tas + datag) — T3 ( C(Assis + B)

Cug
Using similar calculations and neglecting the higher order terms, we obtain

Set Wy := (I — ”20) where vo = Assx3 + B.

x4 = Wadzs = WsWo Wy b,
$(t41 + (54t41) - :fl = W4(/SEZ = W4W3W2W13}:.
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where

PGNP
We=[T— 2234
3 ( C’UQ) € )

Wyi=|(1- vaC eAritigAiats
CU4

and vy = ATz + B, vy = A1z + B, and %5,73 € SD, T1,T4 € ST. Note that
to derive W5 and W, we needed a technical assumption that there exist small
numbers £1 > 0,e2 > 0 such that ¢34 + 1 < 7 < min(tas, t34 + t41) — 2.

Now the Jacobian of the return map is W = W, W3W,yWi. If the eigenvalues
of W are inside the unit circle, then the limit cycle under consideration is locally
stable. Therefore we have proved the following theorem.

Theorem 3.3.1. Consider the piccewise linear system [B3) and B4). Assume
there exists a limit cycle with period t* as described in Proposition[3.2.1], and that
there exist small numbers €1 > 0,62 > 0 such that t34 +e1 < 7 < min(tos, t3s +
ta1)—ea. Assume further that the limit cycle is transversal to the switching planes
SP ST at T1,T9,T3, T4, respectively. Then the Jacobian of the return map T is
given by W = Wy WsWoW;. Furthermore, the limit cycle (if existing) is locally
stable if all eigenvalues of W lie inside the unit circle.

3.4 On Stability Regions

In this section we discuss the question arising from the global analysis of limit
cycles. However, the analysis given below applies to both cycles and fixed points.
Our analysis leads to a description of a stability region, that is, all points in
this region will generate solutions that will converge to either an asymptotically
stable fixed point or an asymptotically stable limit cycle.

To find the stability regions we study the maps from a subset of one switching
plane to a subset of another switching plane. We will give conditions to ensure
that the maps we have found are contractive, which in turn provide the condition
for asymptotical stability of fixed points or limit cycles. To find these maps for
the delay piecewise linear system ([B3)-(34) we have to set up some necessary
notations and definitions.

Let S1, .52 be two switching planes. Let z(0) = Z1 +A;. Define t o, as the set of
all times ¢ > 0 such that the trajectory x(¢) with initial condition z(0) € S; and
x(t) in the closure of the solution set on [0, ¢]. Note that we have taken the initial
time ty = 0, which is not restricted. Define also the set of expected switching
times of the map, called impact map, from A; in a subset of Sy, S¢ — Z; called
departure set, that generates the trajectory to Ay in a subset of Sa, S§ — 72 called
arrival set, to which the trajectory arrives, as 7 = {t | t € ta,, A1 € S¢ — 71 }.
We denote z(t, T) the trajectory generated by the initial condition Z.

Now we turn to finding such maps, called impact maps, for the system (B3])
and (334). Remember that we have four switching possibilities: S7 — ST, ST —
SP. 8P — gP 8P — §I that make four maps: (i) S] to S from left to right,
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(i) SP to SP from right side of SP, (iii) S to S! from right to left, and finally
(iv) S% to SI from left side of ST. Denote also the expected switching time sets
as 7;, where 7 is in accordance with the above four cases.

Let 2(0) = &1 € Si. Then

t
a(t, &) = etz +/ eA21=5) B (3.9)
0

We require that x(t,#;) € SP. Hence ¢ is a switching time. Note that switching
time may not be unique.

Let 21 = 31 + Ay € S, 29 = 33 + Ay € SP| and 71 € S, &y € SP . Then
CAy; = CAy = 0. From the expression of x(¢,Z1) above, we have

t
Ay = et A] 4 eMtg + / e (=) Bas — 5, = A2t A 4 x(t, T1) — Zo.
0

Since CAs = 0 and CZo = 04,
Ce21P Ay = 0y — Cu(t, 7).
Assume that Cx(t, Z1) # 2. Then

C€A21tA1 -1
92 - C’ac(t,fcl) B

showing that

A2 _ 6A21tA1 + (1’(t75ﬁ1) _ i'Q) 1= <I + (x(t7x1) - xQ)C) eA21tA]-

92 - C$(t7 f1)
Therefore

(x(t, fl) — .i‘z)C

Hy(t,T) = (I+ 6y — Cu(t, 1)

) eAnt g e St i, e SP et (3.10)
is the desired map from 4A; € Sé — T to Ay € SP — 7, for all t € 7.

In the same manner, we can derive the other three maps, denoted by Hs(t, T)
from A, € SdD—.i‘Q to Ag S SaD—.i‘g, Hg(t,T) from Ag S SdD—.i‘g to Ay € Sal—.i‘4,
and H4(t,7') from A4 S Sé — §4 to As S Si — Ts5.

Ho(t,7)= (I+ (g(t’jé)xztj;)?) eAZZ(tfﬂeAz”, To € Sf,:ig e Sf,Vt €¢Toand t > 71
2 — 5 L2
(3.11)
t,T3) — T4)C
Hy(t,7) = (1+ (zf ’_””é}m(txgg)) ) A2t e SP i, eSIVteT; (3.12)
(x(t,T4) = 25)C\ a4y (t-7) Awsi
Hy(t = (T 11 ) pA12
4< ’T) ( * 91 — C‘T(t7f4) ¢ € ’

ig€ 8l ise SVt e Tyt —t>0, forsome0<t<7  (3.13)

where Cx(t, Z;) # 01, (i = 3,4) and Cx(t, T2) # 6.
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We summarize this as a theorem:

Theorem 3.4.1. Assume that Cx(t,&;) # 61, (i = 3,4) and Cx(t,x;) # 62,
(i =1,2) for 7 € Sé, To € S(?, T3 € SdD and T4 € Sé. Define H; as above,
BI0)-@EI3). Then, for any A; € S, — &; there exists a t € T; such that

A = Hi(t, 7)4;,

Such t € ta, is the switching time associated with A;yq, for i =1,2,3,4, where
Sl =64 = Sl 52 = 5% =8P,

Furthermore, if the initial states are chosen so that these maps are contractive,
then the limit cycle, or fized point, is stable.

Note also that CA; = 0 in the derivation of H;. This indicates that the maps
H;, in fact, takes place in R”~!. To see this, let C* be an n x (n— 1) matrix with
columns orthonormal to C’. Then A;;1 = H;(t)4; is equivalent to C’lANiH =
Hi(t, T)CLANZ', where ANZ', ANH_l e R*1. Thus

Aip1 = (CH' Hy(t, 7)CT A;
Thus

Ai+1 = Hi(t7 T)AZ'.
where H;(t, ) := (C) Hy(t,7)C*.
It is in general not easy to check contraction of these maps. However, if the
state space is two-dimensional, then the difficulty is reduced significantly. Note
that H;(t,7) becomes scalar. To prove that H;(t) is contractive is equivalent to

proving that |H;(t,7)| < 1, for each 4, since H; is a scalar, i.e.
[(CH) Hy(t)CH| < 1. (3.14)

Next step is to find the largest interval in S7 and S? around Z; where the
impact map from some U; C S?(SP) to the next switch on the switching plane
is continuous, and a set of initial conditions of interval in S’ or S” such that
every point in this set has switching time in 7;. Define C;(t) = Ce?21tC+, Co(t)
= C@AzzteAlecJ', Cs(t) = CeAlthJ‘, Cy(t) = (76"411(tig)eAthd‘7 dqi(t) =0 —
C‘T(twfl% dg(t) = 92 - Cm(t,f2)7 d3(t) = 91 - Cm(t,f3)7 and d4(t) = 91 -
Cx(t,z4). We have

Theorem 3.4.2. Assume that BI4) holds for all t € T; := [ti—, t;1]. Define
C o P i , .
RE = minld:OI/IC0), Re = jnf lds(0)l/|Ci(0).

Then the impact map in the domain {%; + C+A; : |A;| < min{RS, R;}} is a
contraction.

The proof is similar to the ones in [4].

If the piecewise linear system has a local limit cycle with period ¢*, and the
limit cycle crosses transversely 4 switching planes per cycle we can continue dis-
cussing the stability region. To find the stability region of the limit cycle we have
to find the conditions for contraction of the four impact maps simultaneously.
This is summarized in the following:
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Theorem 3.4.3. Let 7; be the largest set such that BI4]) holds for all t; € T;,
i=1,2,3,4. Let R = min{R; : ¢ = 1,....,4}. Then the solution starting inside
of any of the set defined by {#; + CA; : |A;] < R}y € ST or SP, i =1,...,4,
converges asymptotically to the limit cycle.

3.5 Application to a Reduced Cell Cycle Model

The purpose of this section is to illustrate that the study carried out in preceding
sections is useful in the global analysis of dynamical behavior of the reduced cell
cycle model [3]. The reduced cell cycle system is defined as follows:

Zode1ss(t) = — s1(t — T)xode1se (t) + ki M (3.15)
EpreMpF(t) =S2(t)xcdc1se(t) — s3(t,t — 7)Tprempr (1), (3.16)
ympr(t) =2cde1st(t) — Tprempr(t), (3.17)
s1(t— 1) Zk‘2+sslp/ste(yMpF(t—T)), (3.18)
32(t) Swee(yMPF (t))a (3-19)
s3(t,t —7) =Swee(ympr (t)) + s25(ynmpr(t)) + k5 + Seip/ste (Ympr(t — 7)),
(3.20)
! if 2 < 6a5/wee
sos(z) =4 0L T en/wee (3.21)
h25 if z > 925/wee
hwee if 2 < 025 /gee
Swee(z) = 1 N 2/ ) (322)
lwee if z > 925/wee
lsip/ste  if 2 < 0
Sslp/ste(z) = slp/st 1 N p 5 (323)
hslp/ste if 2> 951p
where the parameters are
=15, ki =003, kj=003, I =02, has =5, Oa5/wee = 0.25,
haeo = 1.3, Lyee = 0.15, Luipjste = 0, hatp/ete = 1.3, Outp/ete = 0.4, o = 0.005.
(3.24)

In the original model [I], the cell mass M is a slow time dependent variable.
We here treat M as a constant parameter in order to examine model behaviour
for different values of M. In the following analysis M = 1.8.

Let © = (Zcde1st Tprempr) represent the state of the cell cycle system and
Uezt = M the external input, and let y = yypr be the output from the cell
cycle system. Then, the DPL described in the preceding section can be put in
the matrix form

i =Ax+ B,y = Cx, (3.25)
where C = (1 —1), A= (_‘ijQ((tt_)T) _Ss(gt_T) ), and s1,82,53 are combinations of
step functions defined by BI8)-B20) and B = (kjuerr 0)" and ky a constant
parameter. The system matrix A takes four possible forms, indexed by A;;, ¢, 7 €
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{1,2}, where i = i(y(t)) and j = j(y(t — 7)) (A change of index 4 corresponds to
a change of step functions so5 and sye. and a change of j to a change of 54, /5¢c)-
Then

$(t) = Aijac(t) + B (326)
y(t) = Cx(t), (3:27)

where 7 and j correspond to the following switching rules

1, if y(t) < 925/wee
27 if y(t) > 925 wee ’
/ (3.28)
. 1, if y( T) slp/ste
iyt —7)) = : ;
2, if y( T) > eslp/ste
and 055/, and O, correspond to the switching thresholds of the different step
functions. The DPL-model is illustrated in Figure[3:2] The resulting A4, ;-matrices
are obtained from (BI3)-(B.23]), and correspond to

All _ -_(k/2 + lslp/ste) 0
hwee _(hwee + l25 + ké + lslp/ste)
A12 _ __(k/2 + h’slp/ste) 0
hwee _(hwee + l25 + k/2 + hslp/ste)
(3.29)
[— (K, +1 ) 0
Aor — ( 2 slp/ste
2 lwee _(lwee + h25 + ké + lslp/ste)
[— (kb + h ) 0
Aoo — ( 2 slp/ste )
2 lwee _(lwee + h25 + k/2 + hslp/ste)

Here hgp)stes hwee, has and Ly stes lwee, l25 are the high and low values of the
step functions and k% is the parameter from the original NT-model [I]. Note that
the matrices A;; are invertibe and have all eigenvalues real negative.

Following the discussion in Sections and we could find a limit cy-
cle going from & = (1.646,1.396) on S’: (1,—1)z = fas/yee, it reaches
Ty = (1.646,1.246) on SP: (1, 1)z = Oy;,/ste, continues to 3 = (0.412,0.012)
on SP, then to #, = (0.257,0.007) on S and finally goes back to #;. The pe-
riod is 112.253 and the switching times ¢7 = 0.023, t5 = 16.13, t5 = 0.40 and
t3 = 95.70. This is depicted in Figure [3.2

Note that in order to prove the local stability of a limit cycle we have to show
that the Jacobian of the return map W defined in Theorem [3.3.1] should have
all eigenvalues inside the unit circle.

If all parameters are fixed as in ([B24), and cell mass M = 1.8, we can easily
compute the eigenvalues of W to check if the eigenvalues are inside the unit
circle. The eigenvalues of W are both ~ 0.
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------ Cell cycle traj.
| === Immidiate switch, S'
1.6H = = = Initiation delayed switch, sP 8

XpreMPF

Xcdctat

Fig. 3.2. A numerical simulation of the reduced cell cycle model (BI5)-([B23)) together
with the switching lines S¥ and SP.

The following estimation will allow us to find parameters such that a limit
cycle is locally stable if existing. It is well-known that |A;(W)| < ||[W]|, where \;
is denoted as the eigenvalues of W and || - || is the norm of an operator - and we
shall take the spectral norm, i.e. || - || = max;e1 2(Ni((-)'(+)))"/2. Now

W< IWalllWsl[[[Wall[[Wa.

Then, to guarantee |A;(W)| < 1, it suffices to find conditions such that ||W;|| < 1.
To this end we estimate the norms of the matrices W;.

Lemma 3.5.1. Let A = B 2} with o, B,y € R. If a #£ (3,

2Rt <

at e,@t

1 — (e20t 283t €
(e 4 e + o B

2
) 72) + 62(a+,3)t >0

orif a = (3,

etot <1

1— eQ(xt(l + 72) 4 e4(xt > 07
then ||eAt| < 1.

Proof. By a straightforward calculation
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2
2at et —eft 2 Bt et —eft
oAt AL _ e+ ( a—p3 e a-p |7

e,@’t (e”’;:gm> v eQﬁt

if @ # 3. Then the eigenvalues of et lie inside of the unit circle is equiva-
lent to

62(a+ﬁ)t <1
at eﬁt

1 — (e2at 28t €
(e**" + €7 + a—3

2
) 72y 4 2t 5

Similarly if o = (3, then
, 2
QA AL _ 20t [(14'7 ) 7} 7
ot 1
The second alternative follows.

‘”]. Then |[Wi| < 1,

Lemma 3.5.2. Let C = [1 —1], v; defined earlier be {b»

i=1,2,3,4, if
2(a? +b7) - 1
(ai —bi)?  |leAd]]”

where A1 = Agitas, Ao = Aootog + (Aor — Aoo)7, As = Aiatss, As = Anit] +
A12t§.

Proof. Since As; and Ass commute, and A;; and Ao commute, we have
eA22(tas—7) A1 — pAsatas+(A21—A2)T — oAz g1

eAnty oAty — pAnti+Awty — pAs
<3 3 3 - 3 . v; C'\/ v; C
A simple calculation yields that the eigenvalues of (I — ¢")'(I — &, ) are 0
2(a?+b?
and (ai+b7)

(ai—bi)2 > 0, where a; # b; according to the definition of v;. Then
- UiC” ~[2(a? 4+ 0?)
C'Ui o (ai — bZ)Q '

'UiC .
IWall < 12 = llle® ) < 1,

Hence

completing the proof.

3.6 Conclusions

We have investigated a class of piecewise linear systems with explicit delay in this
paper. The main contribution is giving a set of conditions for local stability of the
limit cycle and stability regions of such solutions. Although it is not possible to
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provide a fully analytical result, our theory provides a computationally checkable
tool based on a rigorous analysis. To deal with unstructural delay was new to
our best knowledge.

It is worth pointing out that our analysis, with some small modifications, can
be carried out for several switching surfaces and also if the delay occurs in a
different way. For the essence of the analysis we have chosen the DPL-structure
which we think is the most representative (also in the degree of difficulty).

The theory developed in this paper can also be applied to other models,
without assuming that the subsystem matrices are invertible or Hurwitz, by a
slight modification in our proofs.

Piecewise linear systems with memory delay both in states and switching
rules are under investigation. This will hopefully allow us to analyze systems of
delay-differential equation such as the one used in [7].
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